is which properties of R + or R − can be lifted to R (see [13] ). For example, a classical result of Amitsur [1] states that if R + (or R − ) satisfies a polynomial identity, then so does R.
Group rings are naturally endowed with an involution; the one obtained as a linear extension of the involution of G given by g → g −1 . We shall refer to this as the classical involution. For this particular involution Giambruno, Sehgal and Valenti [6] classified groups so that U + (F G), the symmetric units, satisfy a group identity. Recently, there has been a surge of activity in studying more general involutions of F G; namely, the maps obtained from arbitrary involutions of G, extended linearly to F G. Properties of (F G) + and (F G) − were considered in [2, 14] and, recently, Gonçalves and Passman considered the existence of bicyclic units u in the integral group rings such that the group u, u * is free [9] . Marciniak and
Sehgal had proved that, with respect to the classical involution, u, u * is always free if u = 1 [16] .
Also, Gonçalves and Passman constructed free pairs of unitary units in group algebras [10] . We classify group algebras F G so that U + is G I. Our main result is stated below. Partial results were obtained by Dooms and Ruiz [3] .
First we need some notation. Recall that as introduced by Edgar Goodaire a group G is LC if for any pair of elements g, h ∈ G, it is the case that gh = hg if and only if g ∈ Z (G) or h ∈ Z (G) or gh ∈ Z (G) where Z (G) is the centre of G. It turns out (see [12, page 98] ) that the LC groups with a unique nonidentity commutator are precisely the noncommutative groups with
where C 2 denotes the cyclic group of order 2. Such groups we shall call SLC groups when they are endowed with the involution
where z is the unique commutator.
Main Theorem. Let G be a torsion group with an involution * and F an infinite field of characteristic p 0, p = 2. Then we have the following: (a) If F G is semiprime then U + (F G) ∈ G I if and only if G is abelian or an SLC group. (b) If F G is not semiprime then U + (F G) ∈ G I if and only if P , the set of p-elements, is a subgroup, F G is P I and one of the following holds: (i) G/P is abelian and G is of bounded p-power exponent.
(
ii) G/P is SLC and G contains a normal * -invariant p-subgroup B of bounded exponent such that P /B,is central in G/B and * is trivial on P /B.
Throughout the paper by an involution of F G we understand an involution of G extended linearly to F G.
Prerequisites
In this section R is a unitary algebra with an involution * over an infinite commutative domain A and the elements of A are not zero-divisors in R. Also we assume that char A = 2. We record an easy observation which will be used without mention.
Sublemma 1.7. If A is an abelian group with an involution
Proof. See Lemma 2.9 of [5] . 2
General results
Throughout this section we assume that F is an infinite field, char F = 2, and F G is endowed with an involution * induced from an involution of G. We start with the following general result. 
It follows that h −1 gh = g i , for some i 1 and so g generates a normal subgroup of H = g, h .
Therefore, H is a finite p -group. Thus F H is a semiprime algebra. 
By Lemma 2.1 the symmetric elements of F (G/P ) commute. But then by Sublemma 1.6, G/P is either abelian or an SLC group.
Conversely, if G/P is either abelian or an SLC group, by Sublemma 1.6, the symmetric elements
Semiprime algebras
Throughout this section we assume that G is a torsion group, F is an infinite field of characteristic p 0, but different from 2, and F G is a semiprime algebra with an involution induced from the group G such that U + (F G) satisfies a group identity.
Definition 3.1.
We agree that if p = 0 then P = 1, G = G p .
Our notations are standard as in [19] . We write (G, N) for the kernel of
Proof. Let H = g, h be the group generated by g and h. Since F G is semiprime all symmetric idempotents are central, hence g is central. This says that h gh −1 = g and, so, hg = g i h, for some i 1.
Thus H is a finite group.
Hence by Lemma 2.1, the symmetric elements of F H/ J are central. Since by Theorem 2.6 the p-elements of H form a subgroup P , then J = (H, P ).
Since h ∈ H + , hgh −1 − g ∈ (H, P ). But by the above, hgh −1 = g i and this says that hgh −1 and g commute. As a consequence, since (hgh −1 − g) p n = 0, for some n 1, we obtain that hg
Since g is a p -element, this implies that hgh −1 = g, and we are done. 2
As a consequence of the above lemma and Lemma 2.2, we obtain the following.
for some i 1. By exchanging the role of g and g * , we also get that gg * = (g * g)
j , for some j 1.
i g * , and by induction it is easily seen that
where u = i k−1 . Similarly one can prove the formulas
for some integer v 1. Similar formulas hold for the products of the type g
then we get the formulas
for some w 1. All these relations say that the group H = g, g * , generated by g and g * is finite. By Theorem 2.6, H/P is either abelian or an SLC group. Thus gg
then (gg * , g * g) = 1 and this implies that (gg * ) 
Let us fix i and j. Then
Proof. We can assume by Corollary 3.5 that gg * / ∈ G p . Then by Sublemma 1.2 we have (g − 1) gg * g = 0, and so g gg * g = gg * g.
If the terms on the right are not distinct then (gg * )
As g is of prime order we conclude that g ∈ gg * and (g, g * g) = 1. Thus gg * = g * g and we are done. We are left with the case that all the terms on the right are distinct. Moreover, the finite set S = gg * g satisfies S · S ⊆ S. Thus S is a group = g, g * . Let us write, for convenience, S = G and gg * = t. Then U + (F G) is G I and P is a subgroup. Therefore, G is a p-group with t a subgroup of index p.
. The subgroup of order p is generated by t → t 1+p k−1 . We have that g * = g −1 t has order p as g ∈ P 1 . Therefore, (i) If g ∈ P 1 and h ∈ P then g normalizes h ;
(ii) P 1 is a normal abelian subgroup of G; 
Therefore, h g h = g h which is not zero by Lemma 3.7. It follows that g h is a group. Then
Proof. Let 0 = γ ∈ (G, P 1 ). Decompose each element in the support of γ into a product of finite sets of p-elements {x i } and p -elements {y j }. We may suppose
is of finite index and central in H. We can take C to be * -invariant by considering C ∩ C * . Let us write
Each y normalizes c i , d i and so also C . This insures that C G. In F (G/C) we have γ ∈ (G, P 1 ) which is nilpotent. So γ p k ∈ (G, C ) and hence we may assume γ ∈ (G, C ). Since 
which is nilpotent as claimed. 2 Proposition 3.11. If F G is semiprime then P = 1.
Proof. Since (G, P 1 ) is nil but not nilpotent, F G satisfies a generalized polynomial identity by Sublemma 1.4 and G contains a normal subgroup A of finite index with A finite. So G is locally finite. Therefore P is a subgroup. There is no element of order p in A as otherwise there will be a subgroup normal in A whose order is divisible by p. (Remember A is a p -group as F G is semiprime.) Then P 1 → G/ A is 1 − 1 which implies that P 1 is finite. So P 1 = 1 and P = 1 as claimed. 2
We are now able to classify semiprime group algebras F G when U + (F G) is G I.
Theorem 3.12. Let F be an infinite field of characteristic different from 2 and G a torsion group such that F G is semiprime. Then U + (F G) satisfies a group identity if and only if G is either abelian or an SLC group.
Proof. Let g, h ∈ G and let H = g, g * , h, h * be the subgroup generated by g, h and their * . By Lemma 3.6, gg * and hh * being symmetric commute with g and h. Thus gg * = g * g and hh * = h * h lie in the centre of H . Our aim is to prove that H is a finite group. To this end, since g and g * commute, the element g g * is a multiple of a symmetric idempotent, hence it lies in the centre of H . Notice that since g ∈ G p , by Lemma 3.7, g g * = 0. Thus from h g g * h −1 = g g * , we deduce that hgh −1 = g i g * j , for some i, j. Recall that g u g * u ∈ Z (H), the centre of H , for all u 1. We deduce that
for some central element c. By using h * instead of h we also get 
A crucial special case
In this section we assume that char F = p > 2 and U + (F G) is G I. We shall handle the case when G = A t where A is an abelian normal subgroup and t is of prime order q = 2.
Theorem 4.1. Suppose G is a torsion group and F is an infinite field of characteristic p > 2. Let * be an involution of G such that U + (F G) is G I . Then F G is P I and P is a subgroup.
Proof. If F G is semiprime then G has an abelian subgroup of index at most four. Thus F G ∈ P I. Let N be the sum of all nilpotent ideals of F G.
) is semiprime and so P I.
It follows that F G is also P I. If N is nonzero nil but not nilpotent then by Sublemma 1.4, F G satisfies a generalized polynomial identity. It follows that P is a subgroup and
Either G/P is abelian or G has a subgroup H of index four such that H is a p-group. Therefore either φ is a finite p-group and F G is P I as asserted or F H is P I and thus again F G is P I. Hence G is locally finite and it follows from Corollary 2.4 that P is a subgroup. 2
The next result is the heart of the matter.
Theorem 4.2. Suppose that F is an infinite field of characteristic p > 2 and that G is a torsion group, G =

A t where A is an abelian subgroup and t is of prime order q. Further suppose that G has an involution * such that t * = t or t −1 and U + (F G) is G I. If (A, t) is a p-group then it has bounded exponent.
Proof. Since 
for some z k ∈ Z.
Proof. In Q[x] the greatest common divisor 
It follows as in [6] that (t, a) p N = 0. It remains to consider. It follows as in [18] 
(ii) Now we take up the case (A 1 , t) . Let a ∈ A 1 and t * = t or t −1 . Then α = a −1 τa is a square zero element. It follows by Sublemma 1.1 that (αα * )
and thus (a −1 τa −1 ) 
Proof of main theorem
In this section we assume that G is a torsion group, F is an infinite field of characteristic p > 2 and U + = U + (F G) is G I. It follows from Theorem 4.1 that P is a subgroup of G.
Theorem 5.1. Suppose that A is an abelian normal invariant subgroup of finite index in G. If G/P is abelian then (G, A) is of bounded exponent.
Proof. We shall prove the theorem by induction on (G : A). We know by the finite case that G/ A is solvable. Suppose there exists a proper normal * -invariant subgroup A ⊂ N ⊂ G. Then (N, A) is of bounded exponent. Also, U + F (N/(N, A) 
Consequently, we may assume that x 2 , y 2 ∈ {1, t}. We have three possibilities:
In the last case (xy) We shall now prove (ii). We know by Corollary 5.4 that (G, P ) is of bounded p-power exponent. Factoring by (G, P ) we can assume that P is central in G. Thus G = P × L where L is an SLC group.
Moreover we know from Lemma 5.5 that L has a homomorphic image the quaternion group K 8 or the dihedral group D 8 of order 8 or D + 8 of order 16. Let us decompose P = P 1 × P 2 , as usual, P 1 = {x ∈ P | x * = x} and P 2 = {x ∈ P | x * = x −1 }. Then we observe that * on K 8 induced from the SLC group L is the same as the classical involution. It was proved in [6] that in this case P 2 must be of bounded exponent.
Let us now assume that we have a homomorphic image 
As before, we denote the unique commutator by z. Let x ∈ P 2 . We need two square zero elements In all cases, we set B = P 2 . This satisfies the conditions (ii) of the statement.
Sufficiency:
In case G/P is abelian and G is of bounded p-power exponent then U is G I [18] . Let us now assume that G/P is SLC and that we have B as in the statement. We know by Lemma 5.6 that (G, B) is nil of bounded p-power degree. In order to prove that U + is G I we may factor by B. Thus we have that P is central in G, x * = x for all x ∈ P , G/P is a p -SLC group. Hence G = P × H where H is a p -SLC group. It follows that G is an SLC group and [(F G) + , (F G + )] = 0. Therefore (γ , μ) = 1 for all γ , μ ∈ U + . This completes the proof of the theorem. 2
